We analyze the classical and quantum properties of the integrable dimer problem. The classical version exhibits exactly one bifurcation in phase space, which gives birth to permutational symmetry broken trajectories and a separatrix. The quantum analysis yields all tunneling rates (splittings) in leading order of perturbation. In the semiclassical regime the eigenvalue spectrum obtained by numerically exact diagonalization allows to conclude about the presence of a separatrix and a bifurcation in the corresponding classical model. 03.20.+i, 03.65.Sq Typeset using REVT E X 1
The problem of correspondence between classical and quantum-mechanical properties of nonlinear systems is currently an object of wide interest 1]. One interesting topic concerns Hamiltonian systems with a given symmetry (e.g. some permutational symmetry), where classical trajectories exist which are not invariant under the corresponding symmetry operation. This topic appears in analyzing selective bond excitation in chemistry and in the quantization of discrete breathers 2].
We consider an integrable system with two degrees of freedom (TDF), whose classical version exhibits exactly one bifurcation (of periodic orbits) and separatrix manifold. This manifold cuts the phase space into three parts -one with invariant trajectories, and two with noninvariant trajectories, where the corresponding symmetry is the permutational one. By varying a single parameter it is possible to 'switch' between these phase space parts by crossing the separatrix. It appears natural to expect in the quantum case a drastic change in the splittings of energy levels (which should be zero in the classical limit for the noninvariant phase space parts). However the splittings are nonzero for any given value of the control parameter. The only way to avoid contradiction between the classical and quantum cases is to assume that the quantum level splittings tend to a step-like function (of e.g. the level pair number) in the classical limit. The step should occur at the position of the classical separatrix. This problem can be also coined dynamical tunneling through a separatrix. There exist studies of the in uence of classical chaos on dynamical tunneling 3], however we are not aware of any systematic study in the absence of chaos.
We are able to trace the splittings of the level pairs using quantum perturbation methods. We consider the quasiclassical regime and show that the step indeed occurs. Therefore we are able to extract information about the classical separatrix and bifurcation. Further we show, that the quantum density of states (the second integral of motion is xed) exhibits a sharp maximum at the separatrix energy. By calculating the corresponding classical quantity (with the help of Weyl's formula) we nd that this singularity appears due to the integration over a part of the separatrix manifold which includes a hyperbolic isolated orbit.
Let us consider the integrable dimer model with Hamiltonian 4] 
The equations of motion become _ 1;2 = i@H=@ 1;2 .
Isolated periodic orbits (IPO) satisfy the relation gradH jj gradB. Let us parametrize the phase space of (3) To conclude the analysis of the classical part, we calculate the energy properties of the di erent phase space parts separated by the separatrix manifold. First it is straightforward to show that the IPO's (4)- (6) Finally the states with n = b=2 for even b or n = (b ? 1)=2 for odd b are tori most close to the separatrix. Switching the side diagonals on by increasing C will lead to a splitting of all pairs of eigenvalues. In the case of small values of b these splittings have no correspondence to the classical system properties. However in the limit of large b we enter the semiclassical regime, and due to the integrability of the system eigenfunctions should correspond to tori in the classical phase space which satisfy the Einstein-Brillouin-Keller quantization rules 1]. Increasing C from zero will lead to a splitting E n of the eigenvalue doublets of C = 0. In other words we nd pairs of eigenvalues, which are related to each other through the symmetry of their eigenvectors and (for small enough C) through the small value of the splitting. Let us calculate the splittings in leading perturbation order. This is done by applying standard perturbation theory to each of the states jn) and j(b?n)) and calculating the perturbed eigenvectors until the matrix element of the two perturbed eigenvectors with H does not vanish. Due to the band structure of our matrix the nal result has the following 
The integerñ counts the pairs of equal diagonal elements of (11) 1= (2 ) : (15) For large b the expression (15) should be close to zero if < 1 and its inverse should be close to zero if > 1. So the perturbation result predicts a step-like change in the splitting values for = 1 in the limit of large b. The considered asymptotic limit corresponds to the classical limit of (10). Thus we expect that the splittings of the eigenvalue pairs which correspond to symmetry broken classical tori should vanish in this limit. Consequently the condition = 1 predicts the position of the classical separatrix with respect to the variable . Now we calculate the eigenvalue spectrum of (10) numerically 1 (for b = 20 this was done in 8]). In Fig.1 we show the eigenvalues (grouped with respect to their eigenfunctions being 1 This was done using standard Fortran routines with double precision. When splittings had to symmetric or antisymmetric with respect to permutation) as a function ofñ for b = 600 and C = 50. The classical model has symmetry broken trajectories, and a separatrix with energy E sep = E 1 = 120600. For the quantum problem we nd an in ection point in the eigenvalue spectrum of each subgroup at precisely this energy (ñ 150). Sinceñ(E) is the integrated density of states, its derivative with respect to E gives the density of states (E), which hereby exhibits a peak at the separatrix energy of the classical system (inset in Fig.1 
The integration has to be done over all values of y where the expression under the root is nonnegative. This integral shows up with a singularity at the classical separatrix energy. The numerical integration is compared in the inset in Fig.1 with the quantum density of states. We nd excellent agreement. In the inset in Fig.2 the splittings are shown with respect toñ. The splittings become anomalously small in the region of classical symmetry broken solutions, which is bounded again by the separatrix energy. In Fig.2 numerically obtained splittings with the perturbation theory result (b = 150, C = 10). Even though the true splittings become as small as 10 ?100 compared to the averaged spacings, the perturbation theory reproduces at the best the order of magnitude, but fails by e.g. 50% in the absolute value. Consequently we note that higher order terms in the perturbation theory are important even when the true splittings are anomalously small. Still there is useful information in the perturbation result as shown in (15). In Fig.3 we show the classical separatrix energy E 1 for di erent values of C (b = 600) and compare it to the peak energy in the quantum density of states and to the condition = 1 (which gives us a certain , which in turn yields a givenñ and through the numerically obtained quantum eigenvalue spectrum a corresponding energy). First we note the remarkable agreement between the classical curve and the exact quantum counterpart. But even the perturbation theory gives values which deviate by only 6% from the exact result. So while the perturbation theory fails in reproducing the absolute values of the splittings, it still contains the information about a classical separatrix with good precision.
Finally we can easily trace the classical bifurcation by considering the dependence of the largest eigenvalue of the quantum spectrum as a function of C: E max = f(C). According to the classical system this function is given by (7) for C > b=2 and by (9) for C < b=2. Di erentiating this function twice with respect to C should thus yield a step function with the step located at C = b=2. In the inset of 
